ABSTRACT. The celebrated Shephard-Todd-Chevalley theorem says that for a finite linear group G operating on the «-dimensional complex vector space the ring R of invariant polynomials is a polynomial ring if and only if G is generated by pseudoreflections (g G G is a pseudoreflection if rank(g -I) = 1). In this note we give a simple topological proof of the following statement :
Let k be a field and let G be a finite subgroup of GL(n, k). The group G acts naturally on the polynomial ring S = k[x x , . . . , x n ] and we put R = Sfi to be the invariant subring of G. We say that R is a polynomial ring if R is generated by n (algebraically independent) elements, and that R is a complete intersection if R is isomorphic to k\y l9 ... ,y n + r ]/J, where / is an ideal generated by r (= emb dim R -dim R) elements. In this paper we prove the following THEOREM A. If R is a complete intersection, then G is generated by the set {g G G| rankfe -1) < 2} (where I is the identity matrix).
The proof is based on two simple topological lemmas. We can assume that the ground field k is algebraically closed. PROOF. Let H be the subgroup of G generated by all G x 's; it is a normal subgroup. Then for the action of G/H on X/H any g =£ e has no closed fixed points and by [1, I, 10 .11], the morphism X/H -* Y is an étale covering. By our assumption, we have G -H.
PROOF OF THEOREM A. For g G G let L g denote the subscheme of fixed points of g on X 4 . Let L be the union of all L 's with codim L > 3, and put
X -X!~L,Zf(L)
and Y = Y* -Z. Note that F* is a complete intersection since Spec(#) is, and Z is a closed subscheme in Y of codimension > 3. Furthermore, X is an integral scheme with the induced G-action, Y = X/G, and Y is simply connected by Lemma 1. Hence, by Lemma 2, G is generated by all G x 's, x G X. But by the definition of X, g G G x for some x G X if and only if codim L g <2 or, equivalently, rankfe -1) < 2. REMARK 2. 7? is a complete intersection for any G C GL(2, C) (F. Klein). It is not difficult to construct an example of a finite group G C £7,(3, C) generated by two matrices A 1 and A 2 , such that rank(yl I . -7) = 2, / = 1,2, but 7? is not a complete intersection [7] . REMARK 3. Our argument together with Remark 1 gives a short topological proof of the "only if' part of the Shephard-Todd-Chevalley theorem [3, 5] over any ground field k: If R is a polynomial ring, then G is generated by pseudoreflections. It is not difficult to show that, furthermore, G x is generated by pseudoreflections for any x. The first author takes this opportunity to suggest the following risky conjecture: Conversely, if G x is generated by pseudoreflections for any x, then R is a polynomial ring.
If the ground field is the field C of complex numbers, the topology of Spec (7? ) is better known and we can prove the following more general theorem. THEOREM B. Let G be a finite subgroup of GL(n, C) and S = C [x t ,..., x n ]. IfR=S G has m generators such that their ideal of relations is generated by m-n + s elements, then G is generated by those g G G such that rankfe -T) < 5 + 2.
